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(~| , Abstract 

Recently a new four-dimensional non relativistic renormalizable theory of gravity 
, was proposed by Horava. This gravity reduces to Einstein gravity at large distances. 

! In this paper by using the new action for gravity we present different toroidal solutions 

' to the equations of motion. Our solutions contain static and rotational ones. 
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1 Introduction 



Recently a new four-dimensional non relativistic renormalizable theory of gravity was pro- 
posed by Hofava [1]. It is believed that this theory is a UV completion for the Einstein 
theory of gravitation. Recently a lot of efforts have been done to understand this the- 
ory, [21433]. In [2] the solutions with spherical symmetry has been found. It also presents 
equations of motion for Horava gravity. The topological black hole solution have been found 
in [16]. In this paper, in section two, by using the same method as [2] we review the static 
toroidal solution. This is a special solution found in [16]. In section three we try to add 
rotation to our solutions. We use equations of motion presented in [2] and show that there 
are different possible solutions to the equations of motion. 

We start from the four- dimensional metric written in the ADM formalism, [34] 



dsl = -N^dt^ + Qijidx' - N'dt){dx^ - N^dt) . (1.1) 

The Einstein-Hilbert action in this formalism is given by 

Seh = j d''x^N{K,,K^= -K^ + R- 2A) , (1.2) 

where G is the four dimensional Newton's constant and Kij is the second fundamental form 
and is defined by 

K^J = ^{^t9^, - V,A, - V,N,) . (1.3) 

The action proposed by Hofava is a non-relativistic renormalizable gravitational theory and 
is given by [1] 

./ ' 8 1-3A 32 1-3A 



3A) 32(1 -3A) 

-^R.,R- + ^,e-'^R.,V,Ri - } , (1.4) 

where X , k , ^ ,w and Aw are constant parameters, and Cij is the Cotton tensor, defined by 

= e^'^Vfc (^We - \R5i^ = e'^'V^R^i - ^e'^'dkR . (1.5) 



Using the relation 



^^^'^ Rii^ jR^ k — Ri. 



4 ^ 



R^iC'\ (1.6) 
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one can rewrite the action (11. 4p as 
S = j dtd^x (Co + £i) , 

r rr^Aji'^d^r i^^i \ ^^2^ , ^^^^J^j^wR - 3A^) ) 
Co = V^N^-{K^,K^-XK) + 1, 

By Comparing Co with the general theory of relativity in the ADM formalism, one can read 
the speed of light, Newton's constant and the cosmological constant as 



Additionally, demanding that £o gives the usual four dimensional Einstein-Hilbert La- 
grangian (general covariance), one find that A = 1. 

2 Toroidal solution 

The topological black hole solution have been found in |T6] . We are interested to the special 
case of toroidal symmetric solutions of this paper. So in this section we review this special 
solution. We start from the following ansatz 

ds" = -N{rfdt^ + TTT + r\de^ + d(t>'') . (2.1) 
fir) 

Special case: A = c = 1 

To find the usual toroidal solutions to Einstein gravity we start from the special case 
A = c = 1 so that Kw = and we just consider Cq. The easiest way for finding the 

solution is to substitute the ansatz into the Lagrangian. Doing this up to some overall 
constant factor we find 

The solution to the equations of motion are given by 

AT^ ^ ff ^ -2Mr - Awr" 

N (r) = /(r) = , (2.3) 
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which has only one real root when M > and A^y < at tq = Although the value 

of curvature scalar is constant for this solution, but curvature square term R^^xpR^^^^ is 
infinite at r = 0. For A^y > there is no real root so we have a naked singularity. The 
solution fl2.3p is a known solution in four dimensions, [35] . Our result agrees to them when 
the charges and angular momentum is set to zero in [35] . 

We now consider the total Lagrangian £o + -^i- Due to the special form of the ansatz, 
the Cotton tensor is zero and we find the following Lagrangian, which is independent of u 

For this Lagrangian there are two solutions. The first one is 

/(r) = -Kwr^ , (2.5) 
where N{r) is an arbitrary function. The second one is the following solution 

N'^ir) = f{r) = -MA - Awr^ , (2.6) 

where this solution has two real roots when M > and Ayy < at r_ = and r+ = (~x^)^- 
By computing the scalar curvature, we see that the first root causes singularity but the 
second one is an event horizon. When M > and Aw > 0, there is just one root at r = 
which is a naked singularity. 



The general solution: 

Considering the full Lagrangian with general value for A, we find 

^0 + ^1 = ^rrT^TVTT^ r +-r Aw/r^ + A/ / + - 1-2A f 

8(-l + 3A)r2/2 V 6 3 3 

+ hwr^f + Al^r^y (2.7) 

where prim denotes the derivative with respect to r. The solution to the equations of 
motion is [16] 



/(r) = -Mr"-Avyr^ N'{r) = f{r){CrY('~'-\ ^ ^ 2W^T6A ^ ^^.8) 

— i + A 

where, M and C are constants of integrations. The above relation reduces to previous 
results when A = 1. 
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The above solution has two real roots for M > and Kw < at r_ = and r+ = 
(— The scalar curvature is given hy IZ = 2(3Avy + M{n + l)r"~^) and because 
A — +00 then n — )■ 2 so we always have a curvature singularity at r = 0. When Avi^ > 
then r = is a naked singularity. 

Our computations also show another value for n, which is n = ^'^"^^^"^"^ — . The important 
point about this solution is the fact that when A — 1 then n — oo. 



3 Rotating solutions 

After a brief review of toroidal solution, in this section we will find other solutions to the 
Horava gravity by including the rotation. Because of the rotation we have not enough 
symmetry to use the previous method (i.e. insert the ansatz into the Lagrangian), instead 
we must solve equations of motion directly. The equations of motion are very difficult 
to solve since they are up to six derivatives and the metric in rotating solutions depend 
to rotation coordinate as well as radial coordinate. To overcome this difficulty we try to 
find the near horizon geometry of rotating black holes in this paper. This will simplify 
the equations of motion since as we will see in blow the functionality of the solutions with 
respect to radial coordinate will be fixed, so it remains to find their dependence on the 
rotation coordinate. 

3.1 Extremality 

To find the radial behavior of extremal solutions we start to find the extremality conditon 
for the general solution found in (12.80 . We first find the temperature of the solution ( 12. Sp . 
The temperature of this black hole can be computed by finding the surface gravity at 
horizon, the result will be 

T = i.('2A^(n_i)r-2«+2 + (^n-l)Mro-" 



Aw(^^-l)/ M 



2% \ A 



2(n-l) 
n-2 



(3.1) 



where the last equality coming from the fact that the location of the horizon is at Tq = r_|_. 
The extremality condition happens when the temperature is zero, so we find the critical 
value of M for an extremal solution to be zero. In this way the geometry of the extremal 
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solution will be 

ds^ = r^^^-^)de - + r\de^ + . (3.2) 

3.2 Two derivative solutions 

Before we start to solve the equations of motion, we consider the special case where the 
equations of motion just contain up to two derivative terms. In this case we expect that we 
find the known solutions for the Einstein gravity. The solution to the equations of motion 
for Einstein gravity is given by 



ds"" = -N^df + ^dr^ + ^de^ + ^(d<^ - vodtf , (3.3) 



with 



p2 = r' + a'e\ Ae = l + ^9\ A, = - 2Mr + ^ , 

E = rAg-a^A^, to = — a, N = — — — , (3.4) 

where a is the rotation parameter and in our notation P = We are interested to 

find the extremal solution and its near horizon geometry. The extremal condition happens 
when 

where tq is the location of the horizon. For finding the near horizon geometry we need to 
change our variables to some new dimensionless coordinates as follows 

r = ro + -a, t = —t , (P = ^ + ^^^p^r , 4 = ^. (3.6) 
ye le 12 

Sending e — )■ one find the following metric 
ds^ = (l + ^)( t^^dT' + ^dy'+ \ de'+rl (deP+^drf) . (3.7) 

This is the near horizon geometry of the rotating black holes with toroidal symmetry. We 
expect that this satisfies the equations of motion up to two derivative terms. As a double 
check, we have inserted this solution to the equations of motion and they satisfy these 
equations. 
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3.3 Higher derivative solutions 

We are interested to find the effect of higher curvature terms. To find the solutions we use 
the following steps 

1. In rotating solutions the Cotton tensor is not necessarily zero and this make the 
problem difficult to solve. To find the rotating solution, we consider slow rotation condition, 
i.e. a <^ / as a parameter of perturbation and solve the equations of motion up to 0{a). 

2. For finding the extremal rotating solution we use the tree- level solution (13. 7p as our 
guide. We start from the following ansatz 

ds^ = -^^dr^ + ^^dy^ + A^de^ + A^{e){d4> + ^drf , (3.8) 

y y ly 

where y is the radial near horizon coordinates and the other functions in the metric are 
some general functions. This metric satisfies the equation of motion coming from variation 
of the Lagrangian with respect to A^, the laps function. So we just need to insert this 
general ansatz into the other equations of motion coming from variation with respect to 
the shift functions A^* and the metric g'^K 

3. One may notice that we have a freedom for time scaling in the metric. We have fixed 
this by choosing the above proper off-diagonal term. 

4. There is another freedom when one chooses the function A^IO). Because this is just 
a field redefinition, all different functions of 9 will be equivalent by a change of coordinate 
on 6. For fixing this freedom we suppose the following functionality 

where we have chosen it in such a way that we can compare the new metric with the 
previous two derivative case. 

5. For solving the equations of motion perturbativly in terms of rotating parameter a, 
we choose polynomial functions with unknown constant coefficients as 

A{e) = Si{l + biae''), ^ = 1,2,4, (3.10) 

where in writing these functions we have used the fact that we have a symmetry under 

{e o -e). 

6. Similar to (13. 7p the regularity condition at ^ = gives a simple constraint as S4 = z. 

7. Similar to the Einstein gravity solution, we suppose that Tq = za with z is a. function 
of the constants of the Horava gravity. 
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Considering all these facts, we find the four Algebraic equations (see appendix A). As 
one sees there are four equations and six unknow constants. Because already we have used 
all symmetries and boundary conditions there are no more constraints left. 



3.3.1 uj independent solution 

One amazing observation of equations shows that when 62 = ^4 then the constants are 
independent of uo. Here we find the following values for a general value of A 

4 _3 (3A-1)^3 ^ 3 ;2(3^2^4^2^)^2 

61 — 62 — L>4 — — — , Si — „ , — 777TT 1 S2 — —- 



3z' ' 2/2(3^2 + 4/2;^)' ^ 4 8/4(A - 1) - (24/2 + 27^2)^2 ■ 

(3.11) 

where z satisfies in the following equation 

(A - 1)^/^ - 6(A - \rz' - ^(A - l^z' + f/ = ^- (3-12) 

This equation shows that the location of the horizon depends on A and /. 

One special interesting value in the Horava gravity is when we consider A = 1. In this 
case there are two sets of solutions. When /2 > [Kw < 0) then 

2 2 
rl = ±—la , bi = b2 = h = =F— , 
32 34/ 

2 /2 3 + ^ 



For /2 < {Aw > 0) 



2 



r, 



^ ±-TV^a , bi = b2 = b4 = T-r^= 
3* 34V— t 



3.3.2 u dependent solution 

In general, when one chooses 62 7^ ^4? the constant values will be w-dependent. In this case 
one may solve the equations of motion and find the first three equations for si, S2 and bi 
in terms of 625^4 and z. Putting them into the fourth equation gives a relation between 
the remaining free parameters. This an equation of degree 8 for z, 6 for 62 and 5 for 64, so 
impossible to solve. 
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To find a solution we restrict ourselves to a special limit of parameters. One possible 
solution could be found as a series of Also we consider the location of the horizon tq, 
to be independent of u and its value is the same as w-independent solution. With these 
simplifications we find the following solution to first order, 0{-^), in the case of A = 1 

with 

xi = -^(105^3 + 217)2/2, X2 = -^(45^3 + 67)2/2, 

X4 = -(5^3 + 7)2/2, ?/i = ^(62V3-27)?/2, (3.16) 

where the constant 1/2 although is arbitrary but can be absorbed into w by a rescaling, so 
we can set it to one. As we see this will produce the w-independent solution when one send 
w to infinity. 



4 Conclusion 

In this paper we have studied the toroidal solutions for non relativistic and renormalizable 
theory of gravity proposed by Horava [1]. We solved equations of motion by using an ansatz 
with toroidal symmetry. We show our results for general parameters in the theory and in 
"detailed balance" . 

Our computations in static case show the existence of black hole solutions where their 
location of horizon depends on the parameters of the theory, when A^ < 0. We also show 
that for Aiy > we have naked singularities. 

We find our results with both using the method presented in [2] and using the equations 
of motion presented in |2] and [7] directly. 

Using the equations of motion one may try to find the near horizon geometry for extremal 
rotating solutions. We find our solutions as a perturbed solution when the rotation param- 
eter is small, a ^ /. Our computations show two possible sets of solutions, (in)dependent 
of the u parameter. Comparing these results with those in two derivative case one sees 
that the location of horizon is shifted due to higher derivative corrections this in agreement 
with results for spherical solutions found in |2]. 
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Appendix A 



((62' - ^2^4 + h^)X - ^64' - ^62')/^ + 2^(62 + b^)f - 6z^\siS2 + + 3X)z^ = , 



fK's^S2\ - y + (&i - 562 - y^a)z + i-^h' + ih - y64)62 + (^i - 564)64)^' 



S1S2 



(3A-l)(62-&4) 



Vn^sii-Az + 52(62 - + (&2 + hi)z) + 2 



[h2-{'2h-W)X]z-[-{h^ + h2^)\ 



(62' - 6264 + &4')]S2 - 2/2^2 + Qs2Z 



z^u^ 



3 1 

'^ + r'^~3+^)j(3A-l)(fc2-&4) 



0, 



^ + f - 562^ + {hi - y&4)&2 + {hi - ^hi)hi ) S2 



16 19 

+ S2{hi- —h2-^hi)z- —S2\ +4: 



-2f + Qs2)z^ + [X{b2 + bi)f - 2s2{hi + 62)]/' 



+ S2 ( (964' + (-261 - 62)64 + 62(-562 + 6i))A - ^64' + (61 + 62)64 + ^62' ) l^z 



- 4((62 - 264)A + 64)52/' 



^3 4I 
^^ + i^''-'^^l(3A-l)(62 - 64) 
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